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Upstream Influence
in Conically Symmetric Flow

D. S. Dolling*
The University of Texas at Austin, Austin, Texas

Introduction

I N sharp fin-induced flows, where a swept planar shock
wave interacts with a turbulent boundary layer, experimen-

tal results1"3 show that outside of an inception zone near the
fin leading edge, the interaction footprint is conically sym-
metric. Conically symmetric means that surface features, such
as the line of upstream influence, lie along rays which intersect
the trace of the inviscid shock wave at a common origin. This,
and the coordinate system used in this Note, are shown in Fig.
1. The origin, as shown, may be a virtual one offset by
distance AL5 from the leading edge or the leading edge itself.
In the conically symmetric regime, the spanwise growth of
upstream influence, Lu , can be expressed in normalized form
as

(1)

where 0U and @s are the angles of the line of upstream in-
fluence and the shock wave, respectively (Fig. 1).

Although this is a very simple formulation, it cannot be
used in a predictive way unless @u is known (/35 is calculated
from the freestream Mach number M^ and the fin angle of at-
tack a). The focus of the present work is to examine the
available experimental data and determine the relationship
between f$u and /35. The data used are from the four studies
given in Table 1.

The Mach 2 and 3 tests were made under adiabatic wall
temperature conditions. Those at Mach 6 were made with a
cooled wall (the wall to recovery temperature ratio was 0.5).
The data of McCabe6 (M* = 2.95), Peake7 (M^ = 2), Kubota8

(A/^2.36, 2.41), and Lowrie9 (7^ = 3.44) were also
examined, but were judged to be within the inception zone,
and thus have not been used.

Discussion of Results
Upstream influence was determined from wall-pressure data

at A^ = 2 and 6 and from pressure data and surface streak
patterns at M^ = 3. In all cases, inviscid shock theory was used
to calculate /3S. Figure 2 shows ftu vs 05. It is estimated that the
accuracy of 0M is ± 1 deg. The larger errors are for small a and
are due more to uncertainty in locating the upstream influence
line than in measuring a smaller angle. The flagged data at
Mach 3 were obtained recently10 in tests carried out under the
same freestream conditions as Ref. 5. The hatched lines are
discussed shortly.

At Mach 6, straight lines can be fitted through the upstream
influence points and the fin leading edge at all a, indicating
that the entire flowfield is conically symmetric. This can also
be seen in the sketches of the surface streak patterns, shown in
Ref. 1. With AL5 = 0 Eq. (1) becomes

(2)

With results from only one set of tests, it is not clear if this is a
general result in hypersonic flow, the result of cold-wall condi-
tions, or simply specific to this experiment. A second observa-
tion is that £„ increases with RedQ. Since the trend is weak, it is
difficult to judge whether this is a real effect or a small
systematic experimental error. It does not appear to be the
result of viscous effects at the fin leading edge, since the op-
posite trend with Reynolds number would be expected.

In Fig. 2, the intersection point of each data set with the
shock line is different since the Mach angle /* depends on M^.
Further, in this coordinate system, a characteristic feature of
the swept shock flowfield is effectively masked. To bring this
feature out, obtain a common origin, and see more directly the
influence of M^ on the relation between /3U and ftS9 the data
have been replotted as A/3 = (/3U-/3S) vs @s -p (Fig. 3).

For stronger shocks, (/35 -ju)> «6-8 deg, it can be seen that
the relationship between A/3 and (/35 -ju) is essentially linear at
both Mach 3 and 6. In neither case does the best-fit straight
line pass through the origin (this is most apparent at Mach 6).
Although the increased data scatter makes it more difficult to

Table 1 Conically symmetric studies analyzed

Mach No.

2
3
6
6

60, cm

0.36
0.44
0.37
0.30

RebQ x 106

0.24
0.29
0.12
0.30

Cf
0.00169
0.00144

—
—

a, deg

4-8
2-20
6-16
6-16

Refs.

4
5, 10
1
1
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3U = 1. 74f3s-2.2 deg = 6) (4)
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Fig. 3 A|8 vs (|8S —/i) in conically symmetric region.

discern trends for the weaker shocks, single-point
measurements of upstream influence at low a. (from which
only very approximate estimates of $u could be obtained),
suggest that A0 remains relatively large and does not decrease
rapidly until (/35 — /x) is close to zero. At Mach 3, for example,
upstream influence at |8 = 1 deg (shock pressure ratio
P2/P1 = 1.08) is, at a given Ls, still 70% of the value at a = 14
deg (P2/P,= 2.62).

The physical reason for this stems from the inviscid-
dominated character of these flows. Flowfield surveys11 at
Mach 3 have shown an extensive external compression wave
system whose length scale is only weakly dependent on shock
wave strength. Numerical simulations,12'13 which are in good
quantitative agreement with the experiment, support this. For
relatively weak shocks, neither the experiments nor the com-
putations show the presence of viscous dominated phenomena
such as the characteristic reversed flow regions of two-
dimensional separated flows.

The equations for the straight-line portions of the curve are
given in Fig. 2. Use of the appropriate values of /z gives

35-70 deg (Af00=3) (3)

Equations (3) and (4) are shown by the hatched lines in Fig.
2. In this coordinate system, the departure from linearity at
small a is barely detectable. The Mach 2 data (Fig. 3) are not,
strictly speaking, in the linear regime of the Aj8 vs & - ju, rela-
tionship, but the fact that use of the Mach 3 relation (with the
proper value of />t), i.e.,

(5)

passes through the data points suggests that the slope at Mach
2 will be about the same as at Mach 3 and 6. Additional ex-
perimental data are still needed to clarify this.

Concluding Remarks
An examination has been made of experimental upstream

influence data in the conically symmetric regime of sharp fin-
induced shock-wave/turbulent boundary-layer interaction.
For the cases examined, which were adiabatic wall supersonic
flows and cold-wall, moderately hypersonic flows, the results
show that the growth of upstream influence Lu with distance
Ls along the shock wave can be expressed as a linear function
of the shock wave angle &s. That the upstream influence can
be expressed in terms of a single inviscid parameter further
supports the idea that such interactions are governed primarily
by inviscid mechanisms. An area requiring further study is
that of the inception zone. In the hypersonic test case the vir-
tual origin and leading edge were found to be coincident,
whereas in supersonic flow2"11 there is always a curved incep-
tion zone. Since the absence of this zone simplifies the rela-
tionship between Lu and ]3S, then learning which parameters
control its shape anS scale would be a useful practical result.
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Improved Series Solutions
of Falkner-Skan Equation

Noor Afzal*
Aligarh Muslim University, Aligarh, India

Introduction
andN

LFalkner-Skan equationRECENTLY, Aziz and Na1 studied a series solution of the
I

f(0)=f'(0)=0, f'(o°)=l

(1)

(2)

by expanding the nondimensional stream function / in the
powers of 0 as

/=£>/„ ( (3)

The lowest order term in Eq. (3) satisfies the Blasius equation

f S ' + f o f o = 0 (4)

f o ( 0 ) = f o ( 0 ) = 0 , /O '(oo)=7 (5)

and the higher order perturbations by the recurrence relation

n n — 1

fn +f()fn +fofn = ~^ln

fn(0)=fn(0)=09 /„'(«) =0 (7)

where dtj is the well-known Kronecker delta. The first 11 terms
in the expansion have been estimated and the result for skin
friction is

f"(0)= (8)

where the values of An are given in Table 1. For certain
specific values of /3 in the range - /35 < /3 < 2, where

j85 = 0.19883'8

the results of Eq. (8) were improved by Shanks' transforma-
tion. The predictions are in good agreement with exact
numerical solutions. However, the range of interest for values
of j8 covers —0S to infinity (see Afzal and Luthra2 and
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Evans3). Therefore, it is advantageous to improve the con-
vergence of Eq. (8) for a general value of /3 rather than for the
specific values considered by Aziz and Na.1

Analysis of the Series
The aim of this Note is to improve the convergence of Eq.

(8) by Euler transformation and completing it by determining
the remainder. An insight into the location of the nearest
singularity can be gained by studying the radius of its con-
vergence (say, /30), defined by D'Alembert's ratio test

\An_j/An\ (9)

Domb and Sykes4 have observed that D'Alembert's limit
hopefully can be estimated from a finite number of coeffi-
cients by plotting the inverse ratios An/An_1 against \/n
(known as the Domb-Sykes plot) and extrapolating to l/n = 0.
The Domb-Sykes plot has the advantage that, for certain com-
mon types of functions, the extrapolation turns out to be
linear. For example, for the following functions,

F= const

the inverse coefficients, in the expansion F=

*n-7

(lOa)

(iob)

(11)

is exactly linear in l/n. For more complicated functions the
nearest singularity has a leading term similar to Eq. (10) and
the ratio An/An_l will behave asymptotically linearly, such as
Eq. (11) for large n. The slope of the Domb-Sykes plot gives
the nature of the singularity and the inverse of the intercept
gives its location.

The Domb-Sykes plot for Eq. (8), shown in Fig. 1, is almost
linear. An extrapolation to \/n, shown by the line in the
figure, leads to the value 1//30 = 5.03 or 00 = 0.1988, which
within the graphical accuracy shows @0 = /35. The slope of the
line leads to a= Vi. Therefore, from the Domb-Sykes plot in
Fig. 1, we get

a =1/2 (12)

Equation (12) shows that Eq. (8) possesses the square root
singularity on the real axis in the complex /3 plane at /3 = ± &0.

An
An-.
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Fig. 1 Domb-Sykes plot for Eq. (8).


